Abstract: We propose a new algorithm for Dehn surgery problem, finding exceptional Dehn filling slopes for a given hyperbolic 3-manifold with a torus boundary, using a quantum invariant called "3D index". The invariant is defined using an ideal triangulation of the cusped 3-manifold. We test the algorithm for many examples.
Introduction
Quantum physics sometimes provide an efficient way of solving mathematical problems in an unexpected way. One famous example is the Shor's algorithm to the problem of integer factorization. Quantum knot invariants [1, 2] are another good examples. They appearas basic physical observables in topological quantum field theories (TQFTs) and give partial answer to the problem of distinguishing knots.
In this note, we propose an efficient way to determine a basic property (hyperbolic or not) of a closed 3-manifold from its Dehn surgery representation. According to LickorishWallace theorem [3, 4] , every closed manifolds are given by a Dehn surgery along a link L in S 3 . Thurston proves that all knots but torus/satellite knots are hyperbolic [5] . He further prove that for given a hyperbolic 3-manifold N with a torus boundary, there are only finite many exceptional slopes. A boundary slope, a primitive cycle pµ + qλ ∈ H 1 (∂N, Z) up to sign, is called 'exceptional' if the closed manifold M = N pµ+qλ obtained by performing a Dehn filling along the slope is non-hyperbolic. Finding all the exceptional slopes for given N is a non-trivial question and we call the problem as 'Dehn surgery problem'. Classical approach to the problem is using an ideal triangulation of N . The hyperbolic structure (if exists) on the Dehn filled manifold can be obtained by gluing hyperbolic structures of each ideal tetrahedron in a compatible way. In this way, the topological problem can be translated into a problem of solving algebraic equations, gluing equations, given in (2.3) and (2.6) [6] .
In our approach, on the other hand, we "quantize" the gluing equations and find a wave-function satisfying the quantum operator equations. A consistent quantization has been studied in [7, 8] and the resulting wave functions turn out to be powerful invariants. Different representations (labelled by an intger k) of a quantum torus algebra give different wave-functions [9] . Refer to [8, 10] for the wave-function with k = 1 and its application to the volume conjecture [10] [11] [12] [13] [14] . The wave-function associated to k = 0 is called 3D index [7, 15] and turns out to be directly relevant to the Dehn surgery problem as we will see. The wave-function can be constructed by taking basic operations, superposition and projection, of quantum mechanics on the product of tetrahedron's wave-functions I ∆ . See eq. (2.9) and (2.20) for the explicit expression. The final wave-function I M (x) for Dehn filled closed manifold M is generically an infinite power series in a quantum parameter x 1/2 . From a basic property of the power series, we can determine the geometric structure of M as proposed in (2.24). In the process, unlike the classical approach, we do not need to solve algebraic equations.
2 Solving Dehn surgery problem using 3D index After a summary of the recently proposed quantum 3-manifold invariant, 3D index [15, 16] 1 , we will propose a way of determining whether the 3-manifold is hyperbolic or not from a simple property of the invariant. We also conjecture that the invariant vanishes when the 3-manifold is Lens space.
3D index : Review
Let N be a 3-manifold with a torus boundary. For given choice of an ideal triangulation T of the N , composed of K ideal tetrahedrons with a semi-angle structure and a choice of basis (µ, λ) of H 1 (∂N, Z), Thurston's gluing equations are given in the following form 2
Integrating (z i , z i ) using the equations in the first line, the equations can be simplified as
3)
1 3D index is firstly introduced in [16] for 3-manifolds with torus boundaries and extended for closed 3-manifolds in [15] by incorporating Dehn filling operation. See also [17] for an interesting relation between the 3D index and counting of normal surfaces. 2 Refer to, for example, section 2 of [10] for details on the gluing equations.
where
δ i,j is the Kronecker delta symbol
A solution (if exists) to the gluing equations with following additional conditions
could give a hyperbolic structure on N pµ+qλ . More generally, solutions to the equations give P GL(2, C) flat connections ρ ∈ Hom π 1 (N ) → P GL(2, C) /(conj) on N with following boundary holonomies
Due to a symplectic property of the gluing equations [6] , the small matrices can be completed to a Sp(2K, Z) matrix G whose first (K + 1)-rows are given as follows
There is a choice of (K −1)-rows of G such that the resulting matrix G becomes a symplectic matrix. Using a particular choice of G, the 3D index I (µ,λ) N for a 3-manifold N with a torus boundary is defined as [16] Def : 3D index for N with resect to a basis choice (µ, λ) ∈ H 1 (∂N, Z)
The expression is independent on the choice of the last (K − 1)-rows of G as far as the matrix is symplectic. Here, the tetrahedron index I ∆ (m, e; x) is given by
where [e] := 1 2 (|e| − e) and (x) n :
The tetrahedron index can be consider as a formal infinite power series in x 1/2 by interpretating
For example, The infinite summation in (2.9) is proven to converge 3 when the triangulation T has a semi-angle structure [18] . The index is proven to be invariant under local 2-3 move of T if the semi-angle structure are preserved under the move. Although there is no proof that the index is independent on the choice of T with seim-angle structure, we will assume it is true. The index for general N has following Z 2 -symmetry
Example : N = S 3 \4 1 According to SnapPy [19] , the knot complement can be triangulated by two tetrahedra. The gluing matrices (2.1) are
(2.14)
The matrices (A, B, C, D) can be completed to a following Sp(4, Z) matrix
Then, using (2.9), the index is given by 4
The convergence means that if you want to compute the index up to o(x ) with a fixed ∈ Z/2 you only need to sum over finite many (e2, . . . , eK ) and other contributions will only give higher power in x. 4 When N is a knot complement on S 3 , there is canonical basis of H1(∂N, Z), meridian µ and longitude λ.
Listing some, Listing some, 
The 3D index for a closed 3-manifold N pµ+qλ , obtained by performing Dehn filling on N along a boundary cycle pµ + qλ, is defined as follows (Appendix A of [15] ):
is defined by follwoing infinte sum is derived by applying a general method in TQFTs to a particular case and the invariance is very likely. For many examples, the invariance has been checked [15] .
Example : From a surgery calculus, one can check that
It is compatible with following computation (using eq. (2.16) and (2.18))
Detecting exceptional slopes using 3D Index
We propose following property of the 3D index
There is a partial understanding of the conjecture from the physics of M5-branes wrapped on 3-manifolds [15] . Using the proposed property we can determine exceptional slopes by computing the index in the power series expansion of x 1/2 . Now let us give examples supporting the conjectures. (p, q) This is compatible with known result in literature, for example [21] . Further, applying the criterion in eq. (2.24), we have following candidate for Lens space slopes {Candidates for Lens space slopes of
Obviously, (S 3 \4 1 ) µ = S 3 is a Lens space.
Example : Exceptional slopes for S 3 \5 2 Using the formulae in eq. (2.18) and (2.20), we can compute the index I M =(S 3 \5 2 ) pµ+qλ (x) in series of x. Listing the 3D indices for 5 "0" ("1") in the table means that we checked that the index is 0 + o(x ) (1 + o(x )) up to sufficiently high order . From experiment, we confirm that 1) if the coefficient of x 0 vanishes, then coefficients of higher orders also vanish and 2) if the index is 1 + o(x ) up to sufficiently high (for every cases we checked, = 3 is sufficient), then the index remains as 1 up to even higher order.
By applying the criterion in eq. (2.24), we find following 6 exceptional slopes which is compatible with known result [21] .
{Exceptional slopes of S 3 \5 2 } = {1/0, 0, 1, 2, 3, 4} . Actually these all correspond to Lens spaces [22] .
